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Abstract 

A generalized analytical tripartite loss model is posited for Mach-Zehnder interferometer (MZI) 
phase sensitivity which is valid for both arbitrary photon input states and arbitrary system envi- 
ronmental states. This model is shown to subsume the phase sensitivity models for the lossless MZI 
and the ground state MZI. It can be employed to develop specialized models useful for estimating 
phase sensitivities, as well as for performing associated design trade-off analyses, for MZIs which 
operate in environmental regimes that are not contained within the ground state MZI's envelope of 
validity. As a simple illustration of its utility, the model is used to develop phase sensitivity expres- 
sions for an MZI with "excited" internal arms and an MZI with "excited" output channels. These 
expressions yield a conditional relationship between the expected number of photons entering an 
MZI and its efficiency parameters which - when satisfied - predicts an enhanced phase sensitivity 
for the MZI with "excited" output channels relative to that for the MZI with "excited" internal 
arms. 



1 



I. INTRODUCTION 



A loss model for Mach-Zehnder interferometers (MZIs) has recently been reported by 
us in the literature |l| (hereafter referred to as PI). This model is used to develop a phase 
sensitivity expression for arbitrary photon input states that is generally applicable for lossy 
MZIs employing subunit efficiency homodyne detection schemes. In particular, it is shown 
there that this phase sensitivity A^y? is given by 

kI^^C^ + k2 A^C, + K^A^Ce + «;1^A2C„,, + ^^.A^C,,, 



A' 



where is the associated phase angle to be measured; the subscripts x G {a, 7, e} refer to 

the three regions used in the model (0 < a: < 1 is the value of the efficiency parameter for 

region x); and the subscripted k's are constants which depend upon the regional efficiency 
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parameters. The quantities A 



CI) - a 



and ( D 



'x;y 



CxCy + CyCx ) 



2 y-^xj {pyj measurement operator variances and cross correlations (the operator C 
measures the difference in the number of photons exiting the output ports), respectively, 
and = (^1 ^1^) is the mean value of the operator Y for the system state |\I') = 

l^a^An) l^c) \i^d) l^e) 1^/) l^g) \i^h) ■ Here |V'a,„,6„) IS the preloss input state and \iIjx), x E 
{c,d,e,f,g,h}, is the normalized system environmental state associated with the system 
environmental annihilation operator x. Precise definitions for the subscripted k's and Cx 
operators appearing above are provided by eqs.(l) - (5) in PI. The reader is referred to 
section II in PI for a description of the physical assumptions and the regional architecture 
upon which the model is based. 

The primary focus of PI was the development of the phase sensitivity expression for 
the ground state MZI. Such an MZI is defined in terms of our model as one which ex- 
hibits loss via non-unit regional efficiency parameter values and for which all system en- 
vironmental states are vacuum states, i.e. {ipx) = |0), x G {c,d,e, f, g,h}, so that 
1^) = \'^ain,bi„) |0) |0) |0) |0) |0) |0). In this case, the ground state phase sensitivity A'^tpgg 
is given by eq.([T]) with all but the first, fourth, and fifth terms in the numerator and the 



first term in the denominator set equal to zero (see eqs.(ll) and (12) in PI). 

This expression for A^yj^^ is a useful result because - as discussed in PI - it represents 
to a good approximation MZI phase sensitivity for a wide range of MZI environmental 
temperatures for frequencies in the near-IR to the near-UV region of the electromagnetic 
spectrum. However, for certain MZI applications it may be important to model the phase 
sensitivity for conditions where the system environmental states are not vacuum states, i.e. 
the MZI is not in its ground state, so that eq.(12) in PI does not apply. When using eq.([T]) 
to model A^(/9 for such cases, it is necessary to have the complete analytical expressions for 
each term appearing in the right hand side of this equation. 

The purpose of this article is to extend the results of PI by providing the expressions for 
these terms so that eq.([T]) is a complete model that may be more generally useful for MZI 
phase sensitivity analyses involving system environmental regimes which are not contained 
within the envelope of validity for the ground state model. Complete expressions for the 
partial phase derivatives of the measurement operator mean values, the measurement oper- 
ator variances, and the measurement operator cross correlations appearing in the right hand 
side of eq.([l]) are provided, respectively, in the following three sections of this paper. These 
expressions are validated in the final section of this paper by demonstrating that - when used 
in conjunction with eq.([T]) - they yield the phase sensitivities for the lossless MZI and the 
ground state MZI previously developed in PI. As an additional illustration of its utility as 
an analytical tool, the model is employed to provide the phase sensitivity expressions for an 
MZI with "excited" internal arms, i.e. an "excited" 7-region configuration, and for an MZI 
with "excited" output channels, i.e. an "excited" 5- region configuration. These expressions 
are used to establish an associated conditional relationship between the expected number of 
photons entering an MZI and its regional efficiency parameter values. When this condition is 
satisfied, then the phase sensitivity of the "excited" 7-region configuration is more degraded 
than that of the "excited" e-region configuration. 
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II. PARTIAL PHASE DERIVATIVES OF MEASUREMENT OPERATOR MEAN 
VALUES 



The expressions for the measurement operator mean values needed to evaluate the partial 
derivatives appearing in the denominator of eq.([T]) are 



C. 



(^Cjj = 4 I (^(^plpb^ - (plpa)) COS ip - (^{plpb) + (pjpa)) sin , 
-I ((pie) e-*'^ - (e^pb) e'A - {{pie) e"*'^ + (etp„) e'^) 



(2) 



(3) 



and 



{{pig) (1 - e-^) + (g^pa) (l - e^^) } + {(p^/i) (l - e^^) + (/.tp,) (l - e'^) 



(4) 



+ ^ { (pih) (1 + e-^^) - (/itp,) (1 + e^^) } - ^ { (pj^) (1 + e-^) - (^t^^) (i + g^^) 



where 



and 



Pa = \foaiin + - 



ac 



'ph = ^/abin + VT^-7yd. 

Here < a < 1 is the efficiency parameter for the a region of the model, and bin are 
the input port annihilation operators, c and d are the a region environmental annihilation 
operators, ^ and / are the 7 region environmental annihilation operators, and 'g and h are 
the e region environmental annihilation operators. 

The partial derivatives appearing in eq.([T]) are readily obtained as follows from eqs. ([2]) 



da 



dip 



and 



dip 



die. 



-^{{l(P^bPb) - (piPa>) Siny7+ ((pipfe) + (^IpaYj COS(/?}, 

>Ie) - z {pie)) e-- + [{e%) + z (etp,» e^-} , 



(5) 



d(p 



+ 



pI^) - {pig)) + « ((pI?> + {^h 

h%) - {g%)) - % Ug^Pa) + {h)pb 



-tip 



III. MEASUREMENT OPERATOR VARIANCES 



Expressions for the measurement operator variances needed for the evaluation of the 
numerator of eq.([T]) are 



A'C„ = 16 




PbPb - plpa 



PlPb + plpa 



plpb - Pipa ) ) COS^ ip+ 



plpb + plpa ) ] sin^ tp- 



Plh - plpa) , [plpb + plpa 
2 (plpb - plpa) (plpb + pIp. 




sm cos 



(6) 



where the term enclosed in curley braces is the anti-commutator defined by \X,Y 
XY + YX; 



A"C^ = 4 



etet// - ee/t/t -2 et/ e/t 



(7) 



g^gM) - {g^g) (h^hj) 



A^C. 



«,7 



hPf) + (fJP) + (Fjef) + (P^e^p 



Fse\f)-{F^ep 



Af) -{PbP) +{pif) +{PaP 

2 {{pU) (pbP) + (Plf) (paP) + (pie) (P.et> + (pte) (p,et>) - 
[{pie)' - {ple)"^ e-^^- - [{p^e^f - (p,et>^) e^^-- 

2 {{plf) (pie) - (paP) (pie) - {pU) m - (pbp) m) e--- 
2 {{paP) (Pbe^) - (plf) (Pbc^) - (pbP) (Pae^) - (pU) (Pai^)) e^'^- 
H{plf) (plf) + (plf) (pbP) + (Pae^) (pie) - (paP) (pbP) - 
PaP) (plf) - (pie) (Pbe^) + (pie) (pie) e~'^^ - (paC^) (p.et) e'^^+ 
PaP) (pie) - (plf) (pie) - {pU) (pie) - (pbP) (ple)) e~^-+ 
PbP) (Pbe^) + (pU) (Pbe^) + (pap) (Pae^) - (plf) (Pae^)) e'1 



(8) 



where 



^1 = [pIpI- pIpI + '^^pIpI) 
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Ri99 



2i[ 



h = PaPi + PbPh + i [paPb - Pipb) , 
h = Plpa + Plpb + i (papl - pipb) , 

h = pIpI - PbPb - 2^pIp6, 

-^5 = Papl + PbPb + i {p\pb - PbPa) , 
h = plpa + Ah + i [faPh - pIPo) > 

% = -2^ (ptpt + ptpt j 

+ i^R\g^g^) + (i?2^^^) + (i?3^^^) + {Rjih) + (^i^t/,t' 
+ i^R^hh)) + (i?7^/i) + (i^l^t/,!^ + i^R^grh^ + ^i?t^/it 

(pI^)' + {plh) + 2 (pt^> (4/^)) (1 - e-^)' - 
{paQ^f + (pb/i^)' + 2 (p„5^> (pfe/it)^ (1 - e^v')' + 
Pihf + (pj^)' - 2 (pt /.^ ^pt^^^ (1 + e-^)2 + 
p,/it)' + (p,^t)2 _ 2 ^p^/^t) (p^^t)") (1 + e'^pf _ 
(pI^) (Pa^^> + {plh) (pbh^) 

(pt/i) (^p^h^j + (pt^) (p,^t) 

- (plh) {Pb9^) - {pah^) (pl^g) 
(pig) (^plh) + (^Plh) Ipih) 

- (ply) (ply) - {plh) {ply 
(pag^) {pbg'') + {pbh)) (p65^> 

- {pag^) {pjl^) - {pbh)) {pah) 

{fig) {pbg') + {plh) {pb9^) 

- (pig) {pah)) - {plh) {pji^ 
(Pay^) {pVh) + {pbh^) {plh 

- (Pag^) {pig) - {Pbh)) {pig) 




1 = pIpI (1 - e-'^'f - pIpI (1 + e-'^'f - 2iplpl (l - ^''^ (l + ^''^ 
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i?9 = 



Pap\ (1 - e^^) (1 - e-^) + p,pI (1 + e-^^) (1 + e 



-«p„pT (1 - e'^) (1 + e-"^) + zptp, (1 + e^^) (1 - e-"^) 

ptp„ (1 - e-^^) (1 - e^^) + pIp, (1 + e-'^) (1 + e'^) 
-ipapl (1 + e-"^) (1 - e^'^) + iplp, (1 - e-^-^) (1 + e"^) 

R, = pIA (1 - e-^^)' - pIpI (1 + e-^'^)' + 2zplpl (l - e"^^) (l + e"^-) , 

PfepJ (1 - e^^) (1 - e-^) + papl (1 + e^^) (1 + e^^) 
+^/)tp, (1 - e'^) (1 + e-^'^) - tpj, (1 + e^'^) (1 - e"*'^) 

(1 - e-"^) (1 - e^<^) + plpa (1 + e-^<^) (1 + e"^) 
+iplp, (1 + e-^'^) (1 - e^'^) - ipapl (1 - e-^<^) (1 + e"^) 



Rr. 



Re, 



Rr 



plpl{l-e-''Pf + plpUl + e-^^y 



MpVpI (1 - e-'^) (1 + e-^) - ipIpI (1 - e^^) (1 + e^^) 

2 [p.pj, (1 - e'^) (1 - e-«^) - ptp, (1 + e-^^) (1 + e*'^) 
(Papt + pIp^) (1 + e-^) (1 - e^^) + (pbpj + pIp,) (1 - e^^) (1 + e'^) 



and 



7,£ 



Qieej 



+ (^eh^y + l^pciy + - 2((et^) (e^t) 



+ (e/.t\ //t4 + (Ph) (Pg) + //It) (Pg) _ (e^t) (e^t 



{e^g) {pg) - (eg^) {Pg) [Ph) (e^h 
rh) - Iph^) (fg^) - (ph) (fgA) 



where 



Qi^g^g''-h''h^-2ig^h^, 
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and 



Q2 = gg^ + W + i (g^h - 
Q3 = g^g + h)h + i {g^h - gh)^ , 

Q5 = gg^ + hh^ + i [gU - g^h) , 
= g^g + h^h + i {gh^ - g^h^ , 



4 = 2 (gh^ + g^h) - i {gg^ + g^g) + i {W + h^h 



IV. MEASUREMENT OPERATOR CROSS CORRELATIONS 

The expressions for the measurement operator cross correlations that are required to 
evaluate the numerator in eq.([l]) are 

{(Si) + (^l)-(^2)-(^l)}cOS(/P- 

{(^3) + (^l)-(^4)-(^l)}sin^- 

2{((pI/56) - {pipa)) C0S(/7 - [{pipb) + (paPi)) siuy?}- 
{ [{pU) + ^ (pi/)) + {{PJ') - ^ (paP)) - 

\ple) + ^ (pie)) e-^ - ((p„et) _ , (p^gt)) g*^} 



where 



5"! 



pIpfePi + PipiPf. - 2pipapi ) + i[ '^plplPb - Plpapl - PlPlPa ) /, 



At, 



^tA At 



^t At, 



ntA At 



^2 



2pIpIp6 - PiPaPl - PlpIPa ) - i hpipapl " plpbpl - plplpb 



ee 



-up 



/, 



ee 



lip _ 



'^papipi + pipbpl + pipipfc) + ^ (^pipiph + Papipi + pipapi 

'^plplpb + Paplpl + plPapl^ + i i^Paplpl + pVpbpl + pl^Pfe 

{([/l) + (ill) - (U^) - (Ul)} cos^- 
{{Us) + (ul) + (u^) + (ul)} suiip- 
H[{plpb) - (pIPa>) cosv?- ((piph) + (paPl)) sinv?}- 
{ {{pig) + (plh)) (1 - e-^) + ((pa^t) + ^p,/,t^) (1 _ e^^) + 
z ((pt/i) - (pig)) (1 + e-^) + z ((p,^t) _ /p^/,t\) (1 + e^^)} 



(2p\pIp, - pipapi - plplpa) [9 (1 - e-'^) +ih{l + e-'^) 
'^plPapl - plPbPb - AAPb) [h (1 - e-'^) -ig{l + e-'^) 

¥aPiPb + PaPiA + ApaA^ [q (l ' e"^^) + ih {l + e"^^)" 

(2paplpl + p\p,pI + pIpIp,) (1 - e-'^) -ig{l + e"^^)" 

(vi) + (yt) + (v,) + (yt) _ (v:3) - (^3+) - (v,) - (v^) - 

2 {{^f) - (e/t)) [{{paP) + ^ {hp)) - {{pif) - ^ {AJ)) + 
i(pte>)e-^-((p,et>+i(p„et»e^^] 



Ab^ 



Vi = {Pa + ipb) e^ff\ 
V2^{Pa + iPb)e^Pf, 
V2 = 2{h + tPb) epf\ 
Va = {h + iPa) (2etet/ - e^ep - ee^ p) e'^- 



\[{P9) - ^ {ph)) - {{fg^) + ^ (/It)) - 
((et/^)-i(et^>) + ((eAt) + i(e^t>)] 

W, = (e^fp + et/t/ _ 2e/t/t j (^^ _ ^ 
= [e'^ep + ee^/^ - 26+6+/) {h - lA) ; 



Hi) + {Hl) + (H: 



Hi 



{g^g)-Wh 



[{{Aa9) + {Ah}) {I - e-^n 
+ {{Pa9^) + {Pbh^)) (1 - e'") + i {{Ah) - (4^)) (1 + e"^^) 
-^(/p,h^)-{p,gt)) + 



Hi = pb (2g^gh^ - h)W - Uh)h)j (l - e^'^) , 
-Pa (2gWh - g^gg^ - g^g^g) (l - e^^) , 
^3 = -ipa {^Afh^ - h^hh) - h^h^h) (1 + e''^) , 
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^4 = -ipb (2gWh - g^gg^ - g^'g^g) (l + e"^) ; 



where 



-2 (<^t^> - (h^h)) [{{e^g) + (e^t» _ (^^/t/, 
+i ((et/.)-(eAt))-^((/t^)-(/> 

Li = -e (2^t/it/^ - ^t^^t - g^g^^ , 
L2 = -/ (2g^gh^ - h)hh) - h)h)h)j , 
L3 = -ie (2g^gh^ - h)h,U - hWh)j , 
U = -if(2gWh-g^gg^-g^g^g)- 



Li 



/It 



K 



K3 

K,) - {Kl) - (K,) - (Kl) - (k,) - (K, 



(Pi^> + {plh)) (1 - e-^^) + [{PaQ^) + (pft/i^)) (1 - e^^) + 



where 



2^4/1 + 2piplfg + 2ptp,/t^ + p^pt/t/, + ptp,/t;,+ 
i{2plp[fg - pjj^g - plpj^g + 2plplfh - 2pJ,ph) 



(1 - e-^) , 



plA^h - plpleg - t{plpim - plpleg^ (l + e ''^j 



2piplfh + paplph + pIpM - 2plplfg + 2paplp9- 

K^Plplfh + 2pipbph - 2plplfg - phplPg - plpbpg) 



(1 + e-^^) , 



PaPae-^'g'' + PaPbe^'h'' - i{papbe^g^ + PbPbe^h^) (l - e'^) e"^, 
'^Papleh) - plpbeg^ - Pbpleg^ - i{plPaeh^ + Papleh) - 2p\pbeg^) (l + e'^) e 
2plpbeh) + plpaeg^ + Papl^g^ + iC^Papleg^ + plPb^^^ + PbPl^h^) (l - e"^) ^' 
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0,) + (61) - (d,) - (dl) - (d,) - (61) - 



OA- O 



Of 



2{{plf) + {p,P 

i [{Plf) - {PaP 

{{e^g) + {eg^)-/ph)-(fh 



- {01) - {o,) - {01) - 

■(pte>e-^'^-(p„et)e>+ 



ple) e-''P+{pbe^}e'^\}- 

+ z[/et/A - (efA (pg 



Pb 

ipi 



e^fg + efg^ -epge-^^ + efg^e- 



■lip 



e^fg + efg^ + epge 



-up 



o. 



Pi 



4 = {pI + ipi) {2fph) + fph + pph) , 

e^ph - efh^ - ephe'''^ - efh^e-'^ 
e^ph - eph^ + ephe'''^ + ePh^^e^'^ 

O4 = (pI - ipl) {Vfg^ - fPg - Pfg) , 

65 = (^pI - ^pt j (^eeh} - ee^h - e^eh) e""^ 
Oe = (pi + ipl) (2ee^^ + ee^g + e^eg) e"^'^; 



Ml) + (Ml) + {M2) + (mI 



-2{{{plg) + (pt/.)) (1 - e-^) + ((/),^t) + ^p^/,t^) (1 _ e^^) 
+t{{pih) - (pig)) (1 + e-^) - ^((Mt) - (p,^t)) (1 + e^^)}. 
{((et^> + (e^t) _ /ph) _ //lt\) + ,(/et/,\ _ (eh^) _ //t A + //^t\)} 



f2 



' [pl{2e''gg + egg^ + eg''g-2pgh-2f0)+ ^ 
pl{2e^gh + 2eg^h - 2phh - phh) - ph^h)] + 
i[pi{2e^gh - 2eh)g - 2pgg + pgg^ + fg^g) + 
pl{2e^hh-ehh^ -eh''h-2pgh + 2fg^h)] 

[pi{2pgh - 2fg^h - 2e^hh + ehh^ + eh)h) + 
pl{2e^gh - 2egh) - 2pgg + fgg^ + fg^g)] + 
[pi{2e^gh + 2eg^h - 2phh - phh) - ph^h)+ 
pl{2pgh + 2fgU - 2e^gg - egg^ - eg^g)] 



> (1 - e-^) , 



> (1 + e-'"^) . 
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V. APPLICATIONS 



For the purpose of validation, it is demonstrated in this section that when the expressions 
for the loss model given in the previous three sections are used in conjunction with eq.([T]), 
they yield the required phase sensitivity results that have been previously developed in PI 
for the lossless MZI and the ground state MZI . As an additional illustrative application, this 
model is also used to derive the phase sensitivity A^t/?^ for an MZI with its two internal arms 
(the "7 region") in the excited state |^e) \'4^f) = |1) |1) and the phase sensitivity A^^^^ for an 
MZI with its two channels between the output ports and ideal detectors (the "e region") in 
the excited state I'lpg) I'lph) = |1) These results are used to determine a condition which 
relates the expected number of photons entering an MZI to its efficiency parameters, such 
that A^(/}^ > A^(/}e when this condition is satisfied. 

A. Phase sensitivity for a lossless MZI 

Although this case is trivial and only requires the evaluation of eqs.([5]) and ([6]), it is 
included here for completeness. When the MZI is lossless, then each of the regional efficien- 
cies has unit value so that - with the exception = | - all of the powers and products of 
subscripted k's in eq.([l]) are zero valued, pa = Om, and p?, = hm- In this case eqs.(j2]) and ([6]) 
reduce to the quantities l^Ca^"^ and A^Ca°'* defined in section IV of PI and eq.([l]) reduces to 
the expression for the phase sensitivity A'^tpiossiess for a lossless MZI given by eq.(lO) therein. 

B. Phase sensitivity for the ground state MZI 

The ground state MZI is defined when the regional efficiency parameters in the MZI 
model have their values in the open real interval (0,1) and the system state is = 
\ipai„,bin) |0) |0) |0) |0) |0) ^'^is case, eventhough each of the subscripted k's in eq.([T]) is 

non- vanishing - with the exception of the first, fourth, and fifth terms in the numerator and 
the first term in the denominator - each term in eq.([T]) is zero when its value is determined 
using = l^^gs)- Consequently, eq.([T]) reduces to the expression for the ground state MZI 
phase sensitivity A'^tpgs given by eq.(ll) in PI. 

These terms are zero because they are sums of terms which vanish due to the fact that 
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each contains a factor (X) =0, where X is either a single environmental operator 

\ / vac 

or a juxtaposition of several like environmental annihilation or creation operators and the 
subscript "vac" refers to the fact that the mean value is evaluated using only the associated 
environmental vacuum state. For example, A'^C-y = because each term in eq.(l7l) vanishes, 
i.e. for the first term 

= (V^a,„Anl i^a,„,bj ii^cl A) (M i^d) {A\ e^e\iJe) (^/l TP IV'/) {i^al i^g) ii^hl i^h) 

= (0|ete|0) (0|/?|0) 
= 0-(0|/?|0) 
= 

(the reader will also recognize e^e = N as the number operator with the prop- 
erty (0|A^|0) = 0), and similarly for terms two through seven. It is also easily veri- 



fied that A^Ca.A^a 

dip 



o,7 



9S\ 



F3 + 



R3 + Re 



^gs) ) , and 



are as specified in section V of PI. 



C. Phase sensitivities for simple excited state MZIs : A sensitivity trade-ofF con- 
dition 

Consider now the phase sensitivities A'^tp^ and A'^Lpi, for MZIs in the system states |\E'^) = 
\^a.„,bj |0) |0) |1) |1) |0) |0) and \^,) = |V',,„,,„) |0) |0) |0) |0) |1) respectively. When \^,) 
is used as the model's system state it is found that all but the first, second, fourth, fifth, 
and sixth terms in the numerator and the first term in the denominator of eq.([l]) vanish. 
Using eq.(IH]) it is also found that 



a, 7 ' 



where 



and 



F3 + Ffi 



1^7) =4(^, 



gs\ 



F3 + Fq 



F2 + F3 + F5 + Fq 



1^7) =4 



(bib in ) + 1 
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Since each of the expressions for A^Cq,, A^C^^e, and remains invariant when the system 
states l^^gs) and |\E'^) are used for their valuations, then 



where 



AV7 = aV^s + 



'° dip 



is the phase sensitivity for the ground state MZI and 



dip 



Evaluation of the right hand side of the last equation yields (this corrects the expression for 
A^(/?es given in section VI of PI) 



2 (1 - 7) 



«7 ( (alrfiin) + (blK ) ) + (1 - 7) 



+ 1 



) - (aljiin)) sm(p+ ((alfiin) + \ ) I cost/? 



(10) 

Thus, if the "7 region" is in the excited state |1) |1) and 7 G (0,1), then A^Lp^ > A^Lpgg. 
Observe that when there are no losses in the "7 region" , i.e. when 7 = 1, then - as required 
- AV^ = so that AV7 = A^ifgs. 

When is used as the model's system state, then all terms in eq.([l]) vanish except the 
first term in the denominator and the first, fourth, fifth, and sixth terms in the numerator. 
Also, it is determined from eq.([9]) that 

A^a,, = A^C^f, + A^C^,,, 



where 



and 



/?3 + i?6 



1^.) = 



9^1 



i?3 + i?6 



1^.) = 8 



and it is easily verified that the quantities A Cq,, A C^^^, and ' yield identical expres- 
sions when the system states l^^gs) and are used to evaluate them. Thus, 

AV. = A^ifg, + AV^, 
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where 



dip 



is the phase sensitivity for the ground state MZI and 



7:2 



dip 



SO that 



2(1-^) 



«7 I \ alnflm 



+ 1 



sin V? + ((aj„6i„^ + (bljiin'^^ cos if 



It is clear from this expression that when the "e region" is in the excited state |1) |1) and 
e G (0, 1), then A'^Lp^ > A?Vgs and when there are no losses in the "e region" so that £ = 1, 
then - as required - A^(/?^ = and A^fe = A^'^gs- 

For the sake of further illustrating the utility of the model, note that eqs. (fTO|) and ffTTj) 
yield the difference 



AV7 - AV. 



2a^ [e (1 - 7) - (1 - e)] ((aLa,„) + (f\Jrn)) + 2 (1 - 7)^ + £ - 7] 



q;^7^£ 



hlhn 



sinv9+ [(a\J)^r}| + 



cos (p 



Thus, for 7 7^ 1 or £ 7^ 1 it can be concluded that when the condition 

[7 - £ - £ (1 - 7)^] 



> 



(12) 



7[£(l-7)-(l-^)] 

is satisfied, then A'^ip^ > A^(/?e, i.e. phase sensitivity is more degraded when an MZI is in 
state 1^^) than when it is in state l^&e). This is an intuitively pleasing conclusion, since - 
unlike the case for the excited "e region" - the degradation in sensitivity due to the excited "7 
region" would be expected to experience additional degradation induced by the (unexcited) 
"e region". As a special case of this result, observe that if 7 = £ 7^ 1, then - since the right 
hand side of f|T2l) has unit value - the relationship A'^ip^ > A'^ip^ also prevails when 

«l„«*n) + (blj)in) > -■ 



a 
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VI. CLOSING REMARKS 



The above provides a generalized analytical tripartite loss model for MZI phase sensitivity 
which is valid for both arbitrary photon input states and arbitrary system environmental 
states. This model subsumes the phase sensitivity models for the lossless MZI and the 
ground state MZI and is useful for developing specialized models for estimating the phase 
sensitivity, as well as for performing associated design trade-off analyses, for MZIs and MZI- 
like instruments which operate in environmental regimes which are not contained within the 
envelope of validity for the ground state model. 
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